Abstract. In [J1], the author proves that if the circle acts symplectically on a compact, connected symplectic manifold M with three fixed points, then M is equivariantly symplectomorphic to some standard action on CP 2 . In this paper, we extend the result to a circle action on an almost complex manifold; if the circle acts on a compact, connected almost complex manifold M with exactly three fixed points, then dim M = 4. Moreover, we deal with the cases of one fixed point and two fixed points.
Introduction
The purpose of this paper is to classify circle actions on compact almost complex manifolds with few fixed points. In [J1] , the author classifies a symplectic circle action on a compact symplectic manifold with three fixed points:
Theorem 1.1. [J1] Let the circle act symplectically on a compact, connected symplectic manifold M . If there are exactly three fixed points, then M is equivariantly symplectomorphic to some standard action on CP 2 .
In this paper, we extend the result to a circle action on an almost complex manifold 1 . Theorem 1.2. Let the circle act on a compact, connected almost complex manifold M . If there are exactly three fixed points, then dim M = 4. Moreover, the weights at the fixed points are {a + b, a}, {−a, b}, and {−b, −a − b} for some positive integers a and b.
Basically, the same proof as in [J1] applies. However, the proof in [J1] uses results from other papers that are stated for symplectic S 1 -actions on symplectic manifolds. Some of them are naturally extended for circle actions on almost complex manifolds without any difficulties. For others, references that are stated for almost complex manifolds will be provided. For the rest, we provide seperate proofs. We clarify which ones extend naturally, which ones are referred, and which ones are provided seperate proofs.
In the proof of Theorem 1.1, the symplectic property of the manifold M is only used, to show that once we conclude that a symplectic circle action on a compact connected symplectic manifold M with exactly three fixed points must have dim M = 4, then the action must be Hamiltonian (Proposition 2 of [MD] ), and M is equivariantly symplectomorphic to CP 2 (Theorem 4.1 of [Ka] ). Therefore, once we have all the results but these two, that are used in the proof of Theorem 1.1, for almost complex manifolds, the same proof as in [J1] goes through, to conclude that a compact almost complex S 1 -manifold M with three fixed points must have dim M = 4.
For a circle action on an almost complex manifold, there is an interesting and important conjecture by Kosniowski on a relationship between the dimension of a manifold and the number of fixed points [Ko2] . Conjecture 1.3. [Ko2] Let the circle act on a 2n-dimensional compact, connected almost complex manifold with k fixed points. Then n ≤ f (k), where f (k) is a linear function in k.
Kosniowski conjectures further that f (k) = 2k. As we shall see, the conjecture is true if the number of fixed points is at most three.
Properties and Classification
To classify circle actions on almost complex manifolds with few fixed points, we shall introduce properties that an almost complex S 1 -manifold with only isolated fixed points satisfies. To prove Theorem 1.2, we need the following basic facts for a circle action on an almost complex manifold.
(1) At each isolated fixed point p, there are well-defined non-zero integers w i p , called weights, for 1 ≤ i ≤ n, where dim M = 2n. (2) Let k be a positive integer such that k > 1. As a subset of S 1 , Z k also acts on M . The set M Z k of points fixed by the Z k -action is a union of smaller dimensional almost complex manifolds, called isotropy submanifolds
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. (In symplectic case, this is a union of smaller dimensional symplectic submanifolds.) A symplectic circle action on a symplectic manifold is a particular case of a circle action on an almost complex manifold. If the circle acts symplectically on a symplectic manifold, the set of almost complex structures compatible with the symplectic form is contractible. Therefore, the weights at each isolated fixed point are well-defined.
From now on, we show that the results that are used in the proof of Theorem 1.1 extend to a circle action on an almost complex manifold, except Theorem 4.1 of [Ka] and Proposition 2 of [MD] . Theorem 4.1 of [Ka] states that 4-dimensional compact Hamiltonian S 1 -spaces are classified by their graphs, up to equivariant symplectomorphism. Proposition 2 of [MD] proves that a symplectic circle action on a 4-dimensional compact symplectic manifold is Hamiltonian if and only if there is a fixed point. However, these are not needed to prove Theorem 1.2.
The proof of Theorem 1.1 uses the following results by others:
(1) In [Ka] : Theorem 4.1.
(2) In [MD] : Proposition 2.
(3) In [PT] : Theorem 3, Corollary 4, Lemma 11, Corollary 12, Lemma 13. (4) In [T] : Lemma 2.6. Corollary 4 of [PT] follows from Theorem 1, Theorem 2, and Theorem 3 of [PT] . Therefore, we need to extend those to almost complex manifolds. Theorem 1 and Theorem 2 are extended without any difficulties. To generalize Theorem 3 of [PT] , we give a seperate proof. Corollary 12 of [PT] follows immediately from Lemma 11 of [PT] . Therefore, we need Lemma 11 of [PT] for almost complex manifolds, and a reference will be provided. References for Lemma 13 of [PT] for almost complex manifolds are provided. Lemma 2.6 of [T] is extended naturally. To sum up, we have the following chart:
(1) naturally extend: Theorem 1 of [PT] (see Theorem 2.9), Theorem 2 of [PT] (see Theorem 2.4), Lemma 2.6 of [T] (see Lemma 2.6). (2) follows after what it uses is extended: Corollary 4 of [PT] (follows after Theorem 3 is extended), Corollary 12 of [PT] (follows after Lemma 11 is extended.). (3) references are provided: Lemma 11 of [PT] (see Lemma 2.2), Lemma 13 of [PT] (see Lemma 2.3). (4) seperate proof will be given: Theorem 3 of [PT] (see Theorem 2.8).
(5) is not used to prove Theorem 1.2: Theorem 4.1 of [Ka] , Proposition 2 of [MD] .
In [L] , Li proves that the equivariant index of Dolbeault-type operators on a compact, almost complex manifold equipped with a circle action having isolated fixed points is invariant under the circle action.
Theorem 2.1. [L] Let the circle act on a 2n-dimensional compact almost complex manifold M with isolated fixed points. For each i such that 0 ≤ i ≤ n,
where t is an indeterminate, σ i is the i-th elementary symmetric polynomial in n variables, and N i is the number of fixed points with exactly i negative weights.
The proof of Theorem 1.1 uses Lemma 11 and Lemma 13 of [PT] . In fact, Hattori proved these for S 1 -actions on almost complex manifolds earlier in [H] . Li also extended to S 1 -actions on almost complex manifolds by using Theorem 2.1. In this case, Lemma 11 of [PT] is the second equation [L] Let the circle act on a 2n-dimensional compact almost complex manifold M with isolated fixed points. Then N i = N n−i for all i, where N i is the number of fixed points with exactly i negative weights.
Lemma 2.3. [H] , [L] Let the circle act on a compact almost complex manifold M with isolated fixed points. Then
where N p (l) is the multiplicity of l in the isotropy representation T p M for all weights l ∈ Z and all p ∈ M S 1 .
Lemma 2.3 implies the following:
Theorem 2.4. [H] If the circle acts on a compact almost complex manifold M with isolated fixed points, then p∈M S 1 c 1 (M )(p) = 0, where c 1 (M )(p) is the first Chern class of M at p.
Theorem 2.4 is proved in symplectic case in [PT] . Moreover, the following is an immediate consequence of Lemma 2.3, that is proved in [PT] for symplectic case.
Corollary 2.5. Let the circle act on a 2n-dimensional compact almost complex manifold with k fixed points. If k is odd, then n is even. Theorem 1.1 uses Lemma 2.6 of [T] . The lemma naturally extends to S 1 -actions on almost complex manifolds, and it is stated without proof in [GS] .
Lemma 2.6. [T] , [GS] Let the circle act on a compact almost complex manifold (M, ω). Let p and p ′ be fixed points which lie in the same component N of M Z k , for some k > 1. Then the S 1 -weights at p and at p ′ are equal modulo k. Now, we generalize Theorem 3 of [PT] , that classifies a symplectic circle action on a compact symplectic manifold with two fixed points. On the other hand, in [Ko1] , Kosniowski proves that a holomorphic vector field on a compact complex manifold M with two simple isolated zeroes must have dim M = 2 or 6. Moreover, the eigenvalues at the two zeroes are classified. However, since none of [PT] and [Ko1] are in the context of almost complex manifolds, we provide a seperate proof. First, we need the following technical lemma, whose idea is essentially due to Kosniowski:
Lemma 2.7. [J2] Let the circle act on a compact almost complex manifold M with isolated fixed points such that dim M > 0. Then there exists i such that N i = 0 and N i+1 = 0, where N i is the number of fixed points with exactly i negative weights.
The lemma is also easily derived from Proposition 1.2 in [JT] by applying it to the smallest positive weight. With Theorem 2.1 and Lemma 2.7, we classify the case of one fixed point and that of two fixed points, which is an extension of Theorem 3 in [PT] . The idea is again essentially due to Kosniowski [Ko1] .
Theorem 2.8. Let the circle act on a 2n-dimensional compact, connected almost complex manifold M . Then there cannot be exactly one fixed point, unless M is a point. If there are exactly two fixed points, then either dim M = 2 or dim M = 6. If dim M = 2, then the weights at the fixed points are {a} and {−a} for some positive integer a. If dim M = 6, then the weights at the fixed points are {−a − b, a, b} and {−a, −b, a + b} for some positive integers a and b.
Proof. The case of one fixed point follows from Lemma 2.7. Next, suppose that there are exactly two fixed points. Label the fixed points by p and q. By Lemma 2.7, there exists i such that if one fixed point has exactly i negative weights, then the other fixed point has exactly i + 1 negative weights. Without loss of generality, assume that p has exactly i negative weights and hence q has exactly i+1 negative weights. Hence N i = N i+1 = 1 and N j = 0 for j = i, i + 1. By Theorem 2.1, N i = N i+1 = N n−i = 1. Therefore, n = 2i + 1 is odd and i = 1 2 (n − 1). Suppose that n > 3. Then N 0 = N 1 = 0 and hence by Theorem 2.1 we have
This implies that w j p 1 and w j p 2 agree up to order, which is a contradiction since p and q have different numbers of negative weights (and hence different numbers of positive weights). Therefore, either n = 1 or n = 3.
If n = 1, by Lemma 2.3, there exists a positive integer a so that the weight at p is a and the weights at q is −a.
Suppose that n = 3. Assume that p has weights −a 1 , a 2 , a 3 and q has weights −b 1 , −b 2 , b 3 , where a i , b i are positive integers. By Theorem 2.1, we have
.
This implies that a 1 = b 1 + b 2 . Moreover, we have
This implies that {a 2 , a 3 } = {b 1 , b 2 } and b 3 = a 2 + a 3 . Let a 2 = a, a 3 = b.
The result follows.
Theorem 1 in [PT] naturally extends to S 1 -actions on almoxt complex manifolds. Therefore, we give a statement without proof.
Theorem 2.9. Let the circle act on a compact almost complex manifold M . If the Chern class map is somewhere injective, then the action has at least 1 2 dim M + 1 fixed points.
With Theorem 2.4, Theorem 2.8 and Theorem 2.9, we generalize Corollary 4 of [PT] .
Corollary 2.10. Let the circle act on a compact almost complex manifold M with non-empty fixed point set. Then there are at least two fixed points, and if dim M ≥ 8, then there are at least three fixed points. Moreover, if the Chern class map is not identically zero and dim M ≥ 6, then there are at least four fixed points.
Therefore, all the results in [PT] extend to a circle action on an almost complex manifold. With all of the above, we are ready to prove our main result.
Theorem 2.11. Let the circle act on a compact almost complex manifold M . Assume that the action preserves the almost complex structure and there are three fixed points. Then dim M = 4. Moreover, the weights at the fixed points are {a + b, a}, {−a, b}, and {−b, −a − b} for some positive integers a and b.
Proof. With Lemma 2.2, Lemma 2.3, Theorem 2.4, Corollary 2.5, Lemma 2.6, Lemma 2.7, Theorem 2.8, and Corollary 2.10 above, the proof of Theorem 1.1 in [J1] goes through.
We shall give a brief proof of Theorem 2.11. To prove Theorem 2.11, we use induction on the dimension of the manifold M . The key idea is to get restrictions on the weights at the three fixed points. We prove that if dim M > 4, then the restrictions cannot be satisfied, which means that such a manifold M cannot exist.
By quotienting out by the subgroup which acts trivially, we may assume that the action is effective. As mentioned at the beginning of this section, for a positive integer k such that k > 1, the subgroup Z k acts on M and there is an induced circle action on each component of M Z k . By the inductive hypothesis, we only have a few possibilities for M Z k ; for details see Lemma 4.5 of [J1] . This is one of the main ideas of the proof of the theorem.
Let dim M = 2n. By Corollary 2.5, n is even. By using the same argument as in Proposition 3.2 of [J1] , the largest weight occurs only once among all the weights at the fixed points, and so does the smallest weight. Using this, we also show that the numbers of negative weights at each fixed points are n 2 − 1, n 2 , and n 2 + 1 (for details, see Lemma 3.4 of [J1] ; twice of the number of negative weights at a fixed point is called the index of the fixed point in [J1] .). In fact, this can be proved now by combining Lemma 2.2 and Lemma 2.7.
Suppose that dim M = 4. By Lemma 2.3, there exist positive integers a, b, and c such that the weights at the fixed points are {a, c}, {−a, b}, and {−b, −c}. As in the proof of Proposition 4.3 of [J1] , from push-forward of 1 in ABBV localization theorem, we have that c = a + b. This proves the case where dim M = 4.
Suppose dim M > 4. Then Corollary 2.10 says that the first Chern class at each fixed point is zero. By considering possible submanifolds for M Z 2 with this fact and the inductive hypothesis, we show that M Z 2 , the set of points fixed by the Z 2 -action, is a 4-dimensional almost complex submanifold that contains all the fixed points. Moreover, the weights are specified; see Lemma 4.4 of [J1] .
For technical reasons, we seperate into two cases; the case that the largest weight is odd (section 5 of [J1] ) and the case that the largest weight is even (section 6-8 of [J1] ). In section 5 of [J1] we prove that if dim M > 4, then the largest weight cannot be odd. In sections 6-8 we prove that if dim M > 4, then the largest weight cannot be even. No problem occurs here at all to copy down the proofs in sections 5-8 of [J1] to prove Theorem 2.11 with changing the word symplectic manifold to almost complex manifold and the word symplectic circle action to circle action that preserves the almost complex structure.
Remark 2.12. Consider a symplectic circle action on a compact symplectic manifold M . As in [PT] , if there are two fixed points, then either M is the 2-sphere or dim M = 6. However, we do not know if there exists such a manifold M with dim M = 6, and the existence or non-existence of such a manifold is an important question for the classification problem of symplectic S 1 -actions. Note that if such a manifold exists, then the action cannot be Hamiltonian, because any compact Hamiltonian S 1 -space M has at least 1 2 dim M + 1 fixed points.
On the other hand, there is a circle action on a 6-dimensional compact almost complex manifold with two fixed points, that is, a rotation on the 6-sphere.
Since in the proof of Theorem 1.1 of [J1] the author assumes the possibility that there is a symplectic circle action on a 6-dimensional compact symplectic manifold with two fixed points (which does exist in the case of almost complex S 1 -manifolds), no problem occurs in extending Theorem 1.1 to Theorem 1.2.
